The Normal Distribution

Objectives:

After studying this chapter, the student will:

1.
2.
3.

4.

Identify the properties of a normal distribution.
Find the area under the standard normal distribution, given various z values.

Find probabilities for a normally distributed variable by transforming it into a standard
normal variable.

Find specific data values for given percentages, using the standard normal distribution.

Introduction:

Medical researchers have determined so-called normal intervals for a person’s blood
pressure, cholesterol, triglycerides, and the like.

For example, the normal range of systolic blood pressure is 110 to 140. The normal interval
for a person’s triglycerides is from 30 to 200 milligrams per deciliter (mg/dl).

By measuring these variables, a physician can determine if a patient’s vital statistics are
within the normal interval or if some type of treatment is needed to correct a condition and
avoid future illnesses.

The question then is, how does one determine the so-called normal intervals?

In this chapter, you will learn how researchers determine normal intervals for specific
medical tests by using a normal distribution.

The normal distribution is the most important distribution in biostatistics. It is frequently
called the Gaussian distribution.

The mathematical formula for a normal distribution is:
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The graph has a familiar bell-shaped curve.
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Characteristics of the normal distribution:
1. The mean, median, and mode are equal.
2. The normal curve is bell shaped and is symmetric about the mean.

3. The total area under the normal curve is equal to one. Because of the symmetry already
mentioned, 50 percent of the area is to the right of w and 50 percent is to the left.

4. The area under the part of a normal curve that lies within 1 standard deviation of the mean
is approximately 0.68, or 68%; within 2 standard deviations, about 0.95, or 95%; and
within 3 standard deviations, about 0.997, or 99.7%.
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5. Between , _ sand |, 4 o (in the center of the curve) the graph curves downward. The
graph curves upward to the left of L—o and to the right of L+ o The points at which the
curve changes from curving upward to curving downward are called inflection points.

6. The normal curve approaches, but never touches, the x-axis as it extends farther and
farther away from the mean.

7. The normal distribution is determined by two parameters: the mean p (location
parameter) and the variance ;2 (scale parameter).
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The Standard Normal Distribution:

e There are infinitely many normal distributions, each with its own mean and standard
deviation.

o The normal distribution with a mean of 0 and a standard deviation of 1 is called the
standard normal distribution.

« The horizontal scale of the graph of the standard normal distribution corresponds to ,-
score.

« Recall that a ;-score is a measure of position that indicates the number of standard
deviations a value lies from the mean.



« Also, recall that you can transform an y-value to a ;-score using the formula , _ x-r
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(Round to the nearest hundredth).
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o The mathematical formula for the standard normal distribution is:
1 1
f(z) = —ex {——ZZ}
(z) 7= P73

Areas under the standard normal curve:

o The area under the standard normal curve that lies within 1 standard deviation of the mean
is approximately 0.68, or 68%; within 2 standard deviations, about 0.95, or 95%; and
within 3 standard deviations, about 0.997, or 99.7%.

e Using the standard normal table: The following table gives the area to the left of a positive
2-Score.
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Example:

Find the area under the standard normal curve to the left of z = 1.96.

Solution:

Example:

Find the area under the standard normal curve to the right of z = 1.96.

Solution:

Example:

Find the area under the standard normal curve fromz = —2.57toz = 0.

Solution:



Example:

Find the area under the standard normal curve fromz = 0toz = 1.23.

Solution:

Example:

Find the area under the standard normal curve fromz = —2.57to z = 1.23.

Solution:



Example:

Find the following probabilities for the standard normal curve.
1 pz<233)
2. P(Z>-233)
3. P(-1.23<7Z<1.23)
4. p(-1.23<Z<2.75)
5 P(1.23<7Z<2.75)

6. p(-2.75<7Z<-1.23)

~

P(Z > 3.98)-

Solution:



Finding the z-score when the area is given:

Example:

Given the following probabilities, find z;.

I p(Z < z)=0.0055
2. P(Z>z)=0.0384
3. P(z <Z<298)=0.1117

Solution:

Example:

Find z, for which 95% of the distribution's area lies between —z, and z,.

Solution:



Example:

Find z-score that corresponds to percentile Pys.

Solution:

Normal Distribution Applications:

To find areas and probabilities for a random variable X that follows a normal distribution with

mean p and standard deviation o, convert x values to z values using the formula

Then use the standard normal table to find corresponding areas and probabilities.

Example:
A survey found that women spend on average $146.21 on beauty products during the summer

months. Assume the standard deviation is $29.44. Find the percentage of women who spend less
than $160.00. Assume the variable is normally distributed.

Solution:



Example:

The systolic blood pressure of 16 middle age men before exercise has a Normal distribution with
a mean of 141.1 mmHg and a standard deviation of 13.62 mmHg. What is the probability having
a systolic blood pressure of 160 mmHg or higher?

Solution:

Example:

The average number of calories in a 1.5-ounce chocolate bar is 225. Suppose that the distribution
of calories is approximately normal with o = 10. Find the probability that a randomly selected

chocolate bar will have between 200 and 220 calories.

Solution:



Example:
Americans consume an average of 1.64 cups of coffee per day. Assume the variable is

approximately normally distributed with a standard deviation of 0.24 cup. If 500 individuals are
selected, approximately how many will drink less than 1 cup of coffee per day?

Solution:

Finding the x-value given specific probability:

Example:

In a randomly selected sample of 1169 men ages 35-44, the mean total cholesterol level was 205
milligrams per deciliter with a standard deviation of 39.2 milligrams per deciliter. Assume the
total cholesterol levels are normally distributed. Find the highest total cholesterol level a man in
this 35-44 age group can have and be in the lowest 1%.

Solution:



Example:
Scores for a biostatistics exam are normally distributed, with a mean of 75 and a standard

deviation of 6.5. To be eligible for medical school, you must score in the top 5%. What is the
lowest score you can earn and still be eligible?

Solution:

Example:
For a medical study, a researcher wishes to select people in the middle 60% of the population

based on blood pressure. If the mean systolic blood pressure is 120 and the standard deviation is
8, find the upper and lower readings that would qualify people to participate in the study.

Solution:



Exercises:

Q1. Use the Standard Normal Table to find the indicated area under the standard normal curve.

1. Totheleftof, — _pgs.

2. Totheleftof, — 7 5.

3. Totherightof, — 1 g

4,  Totherightof , — _gg3.

5. Between, — _q g4 and the mean.
6. Between, _ _q1ppand, — _p43.

7. Totheleftof, — g 12 and the rightof , — 1 72.

Q2. If the total cholesterol values for a certain target population are approximately normally
distributed with a mean of 200 (mg/100 mL) and a standard deviation of 20 (mg/100 mL). Find
the probability that a person picked at random from this population will have a cholesterol value
greater than 240 (mg/100 mL).

Q3. A psychologist has devised a stress test for dental patients sitting in the waiting rooms.
According to this test, the stress scores (on a scale of 1 to 10) for patients waiting for root canal
treatments are found to be approximately normally distributed with a mean of 7.59 and a
standard deviation of .73.

1.  What percentage of such patients have a stress score lower than 6.0?

2. What is the probability that a randomly selected root canal patient sitting in the waiting
room has a stress score between 7.0 and 8.0?

3. The psychologist suggests that any patient with a stress score of 9.0 or higher should be
given a sedative prior to treatment. What percentage of patients waiting for root canal
treatments would need a sedative if this suggestion is accepted?

Q4. The average length of a hospital stay for all diagnoses is 4.8 days. If we assume that the
lengths of hospital stays are normally distributed with a variance of 2.1, then 10% of hospital
stays are longer than how many days? Thirty percent of stays are less than how many days?



Q5. The average per capita spending on health care in the United States is $5274. If the standard
deviation is $600 and the distribution of health care spending is approximately normal, what is
the probability that a randomly selected person spends more than $6000? Find the limits of the
middle 50% of individual health care expenditures.

Q6. In a large section of a statistics class, the points for the final exam are normally distributed
with mean of 72 and a standard deviation of 9. Grades are to be assigned according to the
following rule.

The top 10% receive A's.

The next 20% receive B's.

The middle 40% receive C’s.

The next 20% receive D's.

The bottom 10% receive F's.

Find the lowest score on the final exam that would qualify a student foran A, a B, a C, and a D.

Q7. The speeds of vehicles along a stretch of highway are normally distributed, with a mean of
56 miles per hour and a standard deviation of 4 miles per hour. Find the speeds x corresponding

to z-scores of 1.95, -2.33, and 0.

Q8. In the study of fingerprints, an important quantitative characteristic is the total ridge count
for the 10 fingers of an individual. Suppose that the total ridge counts of individuals in a certain
population are approximately normally distributed with a mean of 140 and a standard deviation
of 50. Find the probability that an individual picked at random from this population will have a
ridge count of:

1. 200 or more



2.  Lessthan 100
3.  Between 100 and 200

4. Between 200 and 250

o

In a population of 10,000 people how many would you expect to have a ridge count of
200 or more?

Q9. The 1Qs of individuals admitted to a state school for the mentally retarded are approximately
normally distributed with a mean of 60 and a standard deviation of 10.

1.  Find the proportion of individuals with 1Qs greater than 75.

2. What is the probability that an individual picked at random will have an 1Q between 55
and 75?



